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CHARACTERIZATION OF COMPACT MONOTONICALLY
(ω)-MONOLITHIC SPACES USING SYSTEM OF RETRACTIONS
MAREK CU´TH
Abstract. We prove that a compact space is monotonically Sokolov if and only if it is
monotonically ω-monolithic. This gives answers to several questions of R. Rojas-Herna´ndez
and V. V. Tkachuk.
1. Introduction
Spaces with a rich family of retractions often occur both in topology and functional anal-
ysis. In Banach space theory, using systems of retractions we can obtain a system of pro-
jections and consequently find a Markushevich basis; see e.g. [1]. In topology, Gul′ko used
families of retractions in [4] to prove that a compact space K is Corson whenever Cp(K) has
the Lindelo¨f Σ-property. The method of Gul′ko’s proof was further studied and precised in
[9].
One of the possible concepts of a family of retractions was recently introduced in [7].
Spaces having such a system were called monotonically Sokolov and using them, an answer
to Problem 3.8 from [8] was given.
In this note we give a positive answer to Question 6.3 from [7], i.e. we prove that a compact
space is monotonically Sokolov if and only if it is monotonically ω-monolithic.
Theorem 1. Let K be a compact space. Then the following conditions are equivalent:
(i) K is monotonically monolithic
(ii) K is monotonically ω-monolithic
(iii) K is monotonically Sokolov
As a consequence answers to Questions 6.4 and 6.5 from [7] easily follow.
Corollary 2. If K is a compact Collins-Roscoe space, then it is monotonically Sokolov.
Corollary 3. There exists a compact space K such that it is monotonically Sokolov but not
Gul′ko.
2. Preliminaries
We denote by ω the set of all natural numbers (including 0). If X is a set then exp(X) =
{Y ; Y ⊂ X}.
All topological spaces are assumed to be Hausdorff. Let T be a topological space. The
closure of a set A we denote by A. We denote the topology of T by τ(T ) and τ(x, T ) =
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{U ∈ τ(T ); x ∈ U} for any x ∈ T . A family N of subsets of T is an external network of A
in T if for any a ∈ A and U ∈ τ(a, T ) there exists N ∈ N such that a ∈ N ⊂ U .
Given an infinite cardinal κ say that a space T is monotonically κ-monolithic if, to any
set A ⊂ T with |A| ≤ κ, we can assign an external network O(A) to the set A in such a way
that the following conditions are satisfied:
(i) |O(A)| ≤ |A|+ ω;
(ii) if A ⊂ B ⊂ T and |B| ≤ κ then O(A) ⊂ O(B);
(iii) if λ ≤ κ is a cardinal and we have a family {Aα; α < λ} ⊂ [X ]≤κ such that α < β < λ
implies Aα ⊂ Aβ then O(
⋃
α<λAα) =
⋃
α<λO(Aα).
The space T is monotonically monolithic if it is monotonically κ-monolithic for any infinite
cardinal κ.
Topological space T is a Collins-Roscoe space if for each x ∈ T , one can assign a countable
family O(x) of subsets of T such that, for any A ⊂ T ,
⋃
{O(x); x ∈ A} is an external
network for A.
Let Γ be a set. We put Σ(Γ) = {x ∈ RΓ : |{γ ∈ Γ : x(γ) 6= 0}| ≤ ω}. A compact space
K is Corson compact if there is a homeomorphic embedding of K into Σ(Γ) for some set Γ.
Definition. Let X, Y be sets, O ⊂ exp(X) closed under countable increasing unions, N ⊂
exp(Y ) and f : O → N . We say that f is ω-monotone if
(i) f(A) is countable for every countable A ∈ O;
(ii) if A ⊂ B and A,B ∈ O then f(A) ⊂ f(B);
(iii) if {An; n ∈ ω} ⊂ O and An ⊂ An+1 for every n ∈ ω then f(
⋃
n∈ω An) =
⋃
n∈ω f(An).
Definition. A space T is monotonically Sokolov if we can assign to any countable family F
of closed subsets of T a continuous retraction rF : T → T and a countable external network
N (F) for rF(T ) in T such that rF(F ) ⊂ F for every F ∈ F and the assignment N is
ω-monotone.
3. proofs of the main results
The following proposition is the key tool to prove Theorem 1. The idea of the proof is
moreover in following the lines of the proof Lemma 2.4 (a) of [6]. In order to obtain the
ω-monotonicity, we use a fixed “Skolem function” (see e.g. [2, Section 2]) to construct the
elementary submodels from [6, Lemma 2.4].
Proposition 4. Let K be a Corson compact space. Then, to any countable family F of
closed subsets of K we can assign a countable set M(F) ⊂ K and a retraction rF such that
(i) rF(F ) ⊂ F for every F ∈ F ,
(ii) rF(K) =M(F) and
(iii) the assignment F 7→M(F) is ω-monotone.
Proof. In the proof we denote by B the set of all the rational open intervals in R. Without
loss of generality we may assume that K ⊂ Σ(Γ) for some set Γ. If γ1, . . . , γn ∈ Γ and
U1, . . . , Un ∈ B, we put
[γ1, γ2, . . . , γn;U1, U2, . . . , Un] = {x ∈ R
Γ : x(γi) ∈ Ui for any i = 1, 2, . . . , n}.
For S ⊂ K we denote by supp(S) the set of all γ ∈ Γ such that s(γ) 6= 0 for some s ∈ S.
Note that supp(S) is countable whenever S ⊂ K is countable. For x ∈ K and A ⊂ Γ we
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denote by x ↾A the point in Σ(Γ) defined by x ↾A (γ) = x(γ) for γ ∈ A and x ↾A (γ) = 0 for
γ ∈ Γ \ A.
If F is a non-empty closed subset of K, then we pick a point xF ∈ F . For any k ∈ N,
γ1, . . . , γk ∈ Γ and U1, . . . , Uk ∈ B we pick, if it exists, x(F, γ1, . . . , γk;U1, . . . , Uk) ∈ F ∩
[γ1, . . . , γk;U1, . . . , Uk].
Take a countable family F of closed subsets of K. We will recursively construct M(F).
Let M0(F) = {xF ; F ∈ F ∪ {K}}. Assume that n ∈ ω and we have countable sets
M0(F), . . . ,Mn(F). Let
Mn+1(F) =Mn(F) ∪
⋃
F∈F
{
x(F, γ1, . . . , γk;U1, . . . , Uk); γ1, . . . , γk ∈ supp(Mn(F)),
U1, . . . , Uk ∈ B, k ∈ N
}
.
Notice that Mn+1(F) ⊂ K is countable since the set Mn(F) is countable. We will prove that
M(F) =
⋃
{Mn(F); n ∈ ω} and rF (x) = x↾supp(M(F)), x ∈ K are as promised.
Claim 1. rF(F ) ⊂ F ∩M(F) for every F ∈ F ∪ {K}
Proof. Take an arbitrary F ∈ F ∪ {K}, x ∈ F and W ∈ τ(rF (x), [0, 1]
Γ). There are j ∈ N,
γ1, . . . , γj ∈ Γ and U1, . . . , Uj ∈ B such that V = [γ1, . . . , γj;U1, . . . , Uj ] ⊂W and rF(x) ∈ V .
It suffices to find some y ∈ F ∩M(F) ∩ V .
If {γ1, . . . , γj}∩supp(M(F)) = ∅ then we put y = xF . It is immediate that y ∈ F ∩M(F).
Moreover, since y ∈ M(F), y(γ) = 0 for γ ∈ Γ \ supp(M(F)) ⊃ {γ1, . . . , γj}; hence,
y(γi) = 0 = rF(x)(γi) for every i ∈ {1, . . . , j}. Thus, y ∈ V .
Otherwise, find k ∈ N and i1, . . . , ik such that
{γi1, . . . , γik} = {γ1, . . . , γj} ∩ supp(M(F)).
Now it is enough to put y = x(F, γi1, . . . , γik , Ui1 , . . . , Uik) and observe that then y ∈ F ∩
M(F) ∩ V . 
From the claim above it immediately follows that rF : K → K is a continuous retraction,
rF(K) ⊂ M(F) and rF(F ) ⊂ F for every F ∈ F . Notice, that whenever x ∈ M(F),
supp(x) ⊂ supp(M(F)) and hence rF(x) = x. Consequently, M(F) ⊂ rF(K) and rF(K) =
M(F).
Claim 2. The assignment F 7→M(F) is ω-monotone.
Proof. It takes a straightforward induction to see that the set M(F) is countable for any
countable family F of closed subsets of K and the assignments F 7→Mn(F) are ω-monotone
for every n ∈ ω. Now it is easy to observe, e. g. by [7, Proposition 4.3], that the assignment
F 7→M(F) =
⋃
{Mn(F); n ∈ ω} is ω-monotone. 

Proof of Theorem 1. It is immediate that (i)⇒(ii). Suppose that K is monotonically ω-
monolithic. It follows from [3, Corollary 2.2] that K must be Corson; hence, e.g. by
[5, Lemma 1.6], it has a countable tightness. By [10, Theorem 2.10], any monotonically
ω-monolithic space of countable tightness is monotonically monolithic; hence, we proved
(ii)⇒(i). The implication (iii)⇒(ii) is proved in [7, Proposition 4.4].
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Finally, suppose that K is monotonically ω-monolithic. By [3, Corollary 2.2], K is Corson.
Now we can apply Proposition 4 to convince ourselves that for any countable family F of
closed subsets of K we can choose a countable set M(F) ⊂ K and a retraction rF such that
rF(K) = M(F), rF(F ) ⊂ F for any F ∈ F and the assignment M is ω-monotone. Since K
is monotonically ω-monolithic, to each countable set S ⊂ K we can assign a countable family
O(S) ⊂ exp(K) which is an external network of S in such a way that O is ω-monotone. Let
N (F) = O(M(F)). Then N (F) is a countable external network of rF(K) = M(F) in K
and the assignment N is ω-monotone because it is a composition of ω-monotone mappings.
Hence, K is monotonically Sokolov and (ii)⇒(iii) follows. 
Proof of Corollary 2. This is an easy consequence of Theorem 1 because every Collins-Roscoe
space is monotonically monolithic; see e.g. [3, Lemma 3.1]. 
Proof of Corollary 3. By [10, Example 3.12], there exists a compact Collins-Roscoe space
which is not Gul′ko. By Corollary 2, every compact Collins-Roscoe is monotonically Sokolov.

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